The braneworld model, in which our Universe is a three-brane embedded in a five-dimensional bulk, allows the existence of wormholes, without any violation of the energy conditions. A fundamental ingredient of traversable wormholes is the violation of the null energy condition (NEC).
I. INTRODUCTION
Wormholes are hypothetical connected spacetime [1, 2] , and are primarily useful as "gedanken-experiments" and as a theoretician's probe of the foundations of general relativity. The wormhole has no event horizon, which allows a two-way passage of energy or light signals. It is possible to transform wormholes into time machines for backward time travel [3, 4] . Wormhole solutions are a specific example in solving the Einstein field equation in the reverse direction, namely, one first considers an interesting space-time metric, then one finds the matter source, responsible for the respective geometry. In this manner, it was found that some of these solutions possess a peculiar property, namely "exotic matter", involving a stress-energy tensor that violates the null energy condition. A number of specific solutions with this property have been found ([5] and references therein). These geometries also allow closed timelike curves, with the respective causality violations [6] . However, the existence of wormholes without horizon would lead to the violation of the energy conditions at the throat of the wormholes [7, 8] . This implies that for some observers wormholes would require negative energy.
The conventional manner of finding wormhole solutions is essentially to consider an interesting space-time metric, and then to derive the stress-energy tensor components. A more systematic approach in searching for exact solutions, namely, by assuming spherical symmetry, and the existence of a non-static conformal symmetry, was considered in [9] .
The requirement of negative energy makes the existence of a considerable number of wormholes nowadays very unlikely. However, the existence of wormholes in the early Universe seems to be more natural, as the quantum mechanical effects would be much stronger.
Quantum mechanical effects may provide the negative energy, like, for example, via the Casimir effect. An inflating wormhole in conventional general relativity was already proposed and studied by Roman [10] . However, the systematic analysis of the cosmological implications of the existence of the wormholes in the early Universe still remains an open problem.
While the negative energy required by a wormhole to exist is the main problem of the theory in standard general relativity, the braneworld models of the Universe provide a natural way for the existence of the wormholes. In this work, we consider the Randall-Sandrum brane world model, which were originally introduced to give an alternative to the compacti-fication of the extra dimensions [11, 12] , and to explain the hierarchy problem of the particle physics. Standard 4D gravity can be recovered in the low-energy limit of the model, by assuming that a 3-brane of positive tension is embedded in a 5D anti-de Sitter bulk. The covariant formulation of the brane world models has been developed in [13] , leading to the modification of the standard Friedmann equations on the brane. It turns out that the dynamics of the early universe is altered by the quadratic terms in the energy density and by the components of the bulk Weyl tensor, which both give a contribution in the energy momentum tensor. This implies a modification of the basic equations describing the cosmological and astrophysical dynamics, which has been extensively considered recently [14] .
There is a number of works that use the brane world model to solve various cosmological problems. For instance, matter exchange between the brane and the bulk has been considered in [15, 16] , and this gives a possible scenario of reheating [17] . Scalar field inflation [18] , or non-scalar field inflation [19] , have also been considered in the brane world models.
In a brane world Universe wormholes could exist without negative energy. This was pointed out by Lobo [20] , who showed that due to the braneworld corrections to the energymomentum tensor a static wormhole in a RSII brane could obey the energy condition everywhere. The terms that allows the energy condition of the wormhole to be satisfied in the brane world model come from the nonlocal projected Weyl tensor, and they appear as a correction terms in the 4D Einstein equation. The braneworld correction in energy is equivalent to ordinary matter in conventional general relativity [21] .
An interesting question, raised first in [22] , is the possibility of wormhole-black hole transition. It is quite likely, in view of some recent studies, that a time-dependent equation of state had caused the Universe to evolve from an earlier phantom-energy model. In that case traversable wormholes could have formed spontaneously. Such wormholes would eventually transform into black holes. This would provide a possible explanation for the existence of a huge number of black hole candidates, while any evidence for the existence of wormholes is entirely lacking.
It is the purpose of the present paper to consider the general properties and the dynamics of an inflating wormhole in the brane world scenario. As a first step in our study we consider the problem of the embedding of a braneworld wormhole into a five dimensional bulk. By considering a general five dimensional metric, with all metric tensor components function of time, radial coordinate and the extra-dimension, we formulate first the junctions conditions that must be satisfied by the wormhole geometry. Then, by considering the full system of five-dimensional Einstein field equations we obtain the five-dimensional equations satisfied by the wormhole metric tensor components. Particular cases of embedding (static geometry, homogeneous energy-momentum tensor and scalar field dominated braneworld models) are considered in detail, and it is shown that for each of these cases wormhole models can be obtained, at least in principle, in a full five-dimensional setup. As a next step in our study we consider the evolution of an inflating (four-dimensional) braneworld wormhole in the early
Universe. The inflation model we choose is the chaotic inflation model in the RSII braneworld model, considered in [23] . Current observations still permit the quadratic potential chaotic inflation model in the braneworld. On the contrary, the quadric and higher order exponents are excluded in the high energy regime. We study the evolution of a braneworld inflating wormhole in a chaotic inflation model, with quadratic potential, i.e. V (φ) = m 2 φ 2 /2, where m is the mass of the inflaton field, and φ is the scalar field. We assume that during inflation a braneworld wormhole that does not violate the energy conditions is created by the scalar field, or by the local perturbations of the scalar field. We consider how such a wormhole would evolve as the Universe inflates, reheats, and becomes radiation dominant. Finally, we consider the conditions under which the transition of the wormhole to a black hole could have taken place in the early Universe.
The present paper is organized as follows. In Section II we consider the general problem of the embedding of a braneworld wormhole into the bulk geometry. Particular cases of embedding are considered in Section III. In Section IV, we review, following [20] , the properties of the braneworld wormholes, and show that they can exist without the violation of energy condition. In Section V, we introduce the inflating braneworld wormhole model. The basic equations describing the braneworld evolution of the inflating wormhole are presented in Section VI. A simple solution of the field equations corresponding to a zero redshift wormhole, is obtained in Section VII. The chaotic inflation on the brane is reviewed in Section VIII. The evolution of the inflating wormhole during the exponential inflation and oscillating phases is analyzed in Section IX. We discuss and conclude our results in Section X. In the present paper we use the natural system of units with G = c = 1
II. THE BULK CONFIGURATION OF THE BRANEWORLD WORMHOLES
The four-dimensional wormhole models we are going to consider rely only on the nonlocal projected Weyl tensor of the bulk. Hence it would be important to investigate what kind of bulk configuration can lead to a Weyl-tensor supported four-dimensional wormhole.
The wormhole on the brane could possibly arise due to a specific form of the Weyl tensor of the bulk, like, for example, the one corresponding to a gravitational wave, or it may arise because our brane is located in such a way that the homogeneity is broken, so that the bulk metric is "abnormally" projected. Of course the specific form of the Weyl tensor supporting a four-dimensional wormhole can also be the combination of both previously mentioned effects. Therefore we can consider the full gauge freedom of the metric of the bulk, such that it projects as a wormhole on the brane, i.e., the metric coefficients g AB on the bulk could all be non-zero. In this way we may think on the wormhole as an effect of a 5D gravitational wave. However, as motivated by the fact that an expanding Universe can be modeled as a motion of the brane in the bulk, we would like to model the brane wormhole by allowing the brane to offset its position.
In the following we denote by capital letters the coordinates in the bulk, with values running from 0 to 4. Greek letters mean coordinates on the brane, while lower case letters mean spatial coordinate. We denote by n A the normal vector to the brane, and by y the fifth coordinate. The derivatives with respect to the coordinates are denoted by a comma.
A. The induced metric and the junction conditions for braneworld wormholes
In a suitable system of coordinates, the expansion of the Universe can be viewed as the motion of the brane through a static bulk [24, 25] . Suppose a region of the brane slowly expands in a non-homogeneous manner. This creates a local inhomogeneity. However, we assume that asymptotically the expanding Universe is homogeneous. Due to its motion, the brane will now be located into a new position
where we assume that Y has no dependency on t. We assume that the 3-homogeneity of the bulk metric is broken locally. Hence the Gaussian coordinate system may not be the normal coordinate system locally. Therefore for the bulk metric we assume the general form
with all the metric coefficients functions of the time and radial distance coordinate, as well as of the five-dimensional coordinate y. The metric tensor coefficients satisfy the bulk Einstein
where (5) Λ is the five-dimensional cosmological constant, (5) T AB is the bulk matter energymomentum tensor, and T brane AB is the energy-momentum tensor of the matter on the brane, respectively. The five-dimensional gravitational coupling constant is denoted by k . If we use t, r, θ, φ as brane coordinates, the normal vector n can no longer be a constant throughout the brane, since the brane is offset. The induced metric on the brane is obtained by substituting y = Y (r) in the metric coefficients, and by taking into account the presence of Qdy in the bulk, as [26] (4) ds
In particular, this metric will induce an inflating wormhole if the metric coefficients satisfy the following conditions would lead to divergence of energy density at the throat and therefore we do not consider it. The function a(t) is the scale factor describing the expansion of the wormhole.
By integrating the bulk Einstein equations along the extra dimension it follows that the matter content in the brane affects the bulk metric through the jump of the brane extrinsic curvature K µν [27] . This is the junction condition of the brane. The extrinsic curvature can be calculated according to
where
is the projection tensor which is a tensor in the bulk that acts as metric on the brane. The brane is assumed to have the same properties on both sides. Mathematically this represents the Z 2 symmetry. By imposing the Z 2 symmetry we can relate the extrinsic curvature to the energy-momentum tensor of the matter on the brane,
where the second equality follow from the Z 2 symmetry of the brane, and the metric and the energy-momentum tensors of the brane can be obtained from the corresponding tensors of the bulk by using the coordinate transformation defined by Eq. (1). The extrinsic curvature specifies the derivative of the metric along the flow defined by the normal vector. It tells us how the metric evolves off the brane in order to match the external space. It also sets the boundary conditions for off brane evolution. The components of the normal vector can be calculated according to
which give
The energy -momentum tensor of the matter on the brane is given by a delta function
For the brane energy -momentum tensor T brane AB we assume the perfect fluid form,
with ρ(t, r) and p(t, r) are the energy density and the pressure of the matter on the brane, respectively. U A is the five -dimensional velocity field of the matter fluid on the brane. vectors that form an orthogonal basis on the brane [26] . In the following we assume that the fluid is at rest with respect to the comoving observers, so that 0, 0, 0, 0] . Therefore the junction conditions can be written as
In order for a brane-world wormhole be embedded into the bulk these junction conditions must be satisfied. The first condition for the embedding is obtained from Eq. (16) as
since we have assumed that Y ,r = 0. In a brane without radial energy flow, a co-expanding wormhole that travels in the y direction imposes the condition that the metric coefficients N and Q have a similar time behavior on the brane. By substituting Eq. (20) into the time derivative of Eq. (6) we obtain a separable equation with solutions of the form
where N (r) and Q(r) are some arbitrary functions of the radial coordinate only. The position of the brane Y (r) on which an inflating wormhole can exist is given by the equation
The throat of the wormhole can be pictured as a travel upward relative to the brane, i.e.,
A n c , the junction condition also implies the local conservation of the energymomentum tensor. On a source free bulk we obtain the standard conservation equation of the energy-momentum tensor on the brane,
which gives the following constraints on a and Φ with respect to the evolution of the matter on the brane,
In the above equations we have used the brane metric only.
B. The gravitational field equations
The final, but the most important constraints on the metric follow from the 5D Einstein equations. The independent components of the Einstein tensor of the metric given by Eq. (2) are given by
The energy momentum tensor of the bulk is specified by Eq. (14),
In a source free bulk, two intermediate constraints of the metric can be obtained by setting G 01 and G 04 to zero,
By differentiating with respect to r both sides of Eq. (5) gives
By eliminating M ,r with the use of Eq. (36) from the junction condition Eq. (15) we obtain
¿From Eq. (7) we obtain P ,t =ȧr and
while from Eq. (21) it follows that
and
respectively. By substituting the above relations and Eqs. (5), (6), and (7) into Eq. (34), we obtain the following equation for the metric tensor coefficients in the bulk evaluated on the brane,ȧ
By substituting Eq. (38) into Eq. (18) gives the following partial differential equation for the metric coefficient P ,
III. PARTICULAR CASES OF EMBEDDING OF BRANE WORLD WORM-HOLES
In the previous Section we have formulated the basic equations describing the embedding of a four-dimensional braneworld wormhole into a five dimensional bulk. In the present Section we consider some particular cases of embedding.
A. Braneworlds with homogeneous energy -momentum tensor
As a first case in our study we consider the special case in which the energy and the pressure of the matter on the brane does not depend on the radial coordinate r, and it is a function of time only. Then the local conservation Eq. (25) requires p = −ρ or ∂ r Φ = 0 on the brane.
In this case, since ∂ r Φ = 0, Eq. (36) becomes a first order linear partial differential equation,
with the general solution given by
is an arbitrary function of the arguments. Eq. (37) becomes
Unless 2ρ + 3p = 0, this equation implies that the following expression is a constant, which for simplicity is taken to be 1,
In terms of the throat function b(r) the above equation can be written as
Independently of the choice of Y (r), the bulk metric diverges at the throat. Since N and Q are arbitrary integration functions, we can choose Q = 1, thus obtaining
, and Y ,r = 0, Using Eq. (42), we find
¿From Eq. (41) we can obtain Q ,y , while Eq. (17) determines N ,y . The time and extradimensional evolution of the bulk geometry is described by Eq. (35) . Therefore the boundary conditions for the off brane evolution of the wormhole are completely determined.
The local matter conservation given by Eq. (24) tells us that if p = −ρ then ρ ,t = 0.
Hence Eq. (25) is automatically satisfied. The freedom for the choice of the bulk metric for this type of matter is larger. For example, a realizable setup is given by the following brane geometry,
which means that the wormhole was created solely by the embedding, and
respectively. Eqs. (39) and (40) simplify the junction condition given by Eq. (17) into
M ,y and P ,y can be written in a simple form as
Once M and P ,y are given, the bulk Einstein equation Eq. (41) determines Q ,y . From Eq. (35) the form of M can be determined. This completely solves the problem of the embedding of the brane world wormhole into the bulk.
B. Wormholes on a static brane
Static brane world wormholes have already been studied in [20] . We would like now to investigate what would be the embedding for this static wormhole supported by the offset of a brane. The induced metric is static, corresponding to a = 1. Since ρ and p are independent of time, the junction conditions given by Eqs. (15) - (18) tell us that the bulk metric is also static. The local matter conservation given by Eq. (24) and Eqs. (34) - (35) is also automatically satisfied. Eq. (25) becomes
A static wormhole is compatible with Q = 1. Using the junction conditions we can work out the y derivative of the metric coefficient as follows
In particular a vacuum brane solution with ρ = p = 0 is given by
Using Eq. (38) we obtain
With the use of these equations in the G 44 and G 14 components of the bulk Einstein field equations, and limiting ourselves to the brane, one could obtain two second order non-linear ordinary differential equations for M and N, which involve only the second derivatives with respect to r of the metric functions. Therefore a consistent solution for a wormhole for a static brane always exists.
C. Wormholes on a scalar field filled brane
The energy momentum tensor of a scalar field is given by
where V (φ) is the self-interaction potential of the field. In the space-time described by the metric given by Eqs. (5)- (7), the brane energy momentum tensor of the scalar field is given by
This form of the energy-momentum tensor allows us to introduce an effective energy density and pressure according to the definitions
With this forms of the effective energy density and pressure for the scalar field the conservation equation Eq. (25) is automatically satisfied. If the scalar field is potential dominated, it satisfies an effective equation of state p = −ρ. Moreover, the evolution of the scalar field is governed by the Klein -Gordon equation
where √ −g is the square root of the determinant of the metric tensor. In the geometry of Eqs. (5)- (7), the evolution equation of the scalar field becomes
which is consistent with the substitution of Eqs. (64) 
into the conservation equation Eq. (24).
Since asymptotically the wormhole geometry tends to the global (cosmological) geometry of the spacetime, by taking the limit r → ∞ in Eq. (66), we found that the evolution of the scalar field φ results from the global cosmological evolution,
Therefore we obtain
This equation can be integrated by using the substitution x = M 2 , and its general solution can be written as
and M(r) is an arbitrary integration function. Using Eqs. (35) and (41) a consistent set of M, N, P and Q can be obtained. Therefore, an inflating brane world wormhole that does not perturb the local evolution of the cosmological scalar field does exist. However, instead of studying its details by solving the close system of bulk Einstein equation, in the following Sections we derive some important results on brane world wormholes by using the effective brane description of the system.
IV. THE BRANE GEOMETRY OF STATIC WORMHOLES
In the covariant formulation of the RSII brane world model, the effective Einstein equation on the 4D brane is given by [13] 
where λ is the brane tension, T µν is the energy momentum tensor of the matter on the brane, and
is a quadratic term in the energy momentum tensor, which follows from the junction conditions of the embedding of the brane to the bulk. T = T µ µ is the trace of the energy-momentum tensor. On the other hand,
is the projection of the bulk Weyl tensor C ABCD to the brane. The metric g (5) AB on the bulk induce a metric g (4) µν on the brane by the map that embed the brane. The metric of a static wormhole on the brane is given by [20] 
where Φ(r) and b(r) are called the redshift function and the form function, respectively. To obtain a wormhole solution, several properties need to be imposed, namely [1] : The throat is located at r = r 0 and b (r 0 ) = r 0 . A flaring out condition of the throat is required, i. e.,
where the prime denotes the derivative with respect to r. At the throat this inequality reduces to b ′ (r 0 ) < 1. The condition 1 − b/r ≥ 0 is also required. To be traversable, there must be no horizons present, which are identified as the surfaces with e 2Φ → 0. Therefore Φ(r) must be finite everywhere. For this metric the Einstein tensor
The field equations on the brane can be written as G µν = 8πT eff µν , where T eff µν = T µν − (1/8π) ε µν + (6/λ) S µν . Once the energy momentum tensor on the brane T µν is known, we can obtain the projected Weyl tensor by ε µν = 8πT 
This will equal to
In an orthonormal reference frame the components of the projected Weyl tensor εμν have the components
The components of the effective energy-momentum tensor have the form
The NEC violation, ρ eff + p eff r < 0 provides the following generic restriction,
Hence braneworld gravity provides a natural scenario for the existence of traversable wormholes [20] .
V. 4D STUDY OF THE INFLATING BRANEWORLD WORMHOLE MODEL
Roman [10] has suggested that inflation might provide a natural mechanism for the enlargement of Planck size wormholes to a macroscopic size. In the following we consider the inflation of the wormholes in the framework of the brane world models.
A. Brane geometry and the energy-momentum tensor
The metric of an inflating wormhole on the brane is given by
In Eq. (79) we have introduced a dynamical redshift function, but we do not consider the form function to evolve with time. This is because a nonzero db(r 0 )/dt would require an infinite energy density of the matter at the throat. With this metric, the components of the Einstein tensor are given by
We assume that the inflation is driven by a homogenous scalar field φ, filling the Universe, and with energy-momentum tensor given by Eq. (62). The total matter contribution T mat µν = T µν + (6/λ)S µν on the brane to the energy-momentum tensor in Eq. (71) is given by
B. The nonlocal projected Weyl tensor
The components of the projection of the bulk Weyl tensor C ABCD on the brane can be obtained from Eqs. (80) - (84) and Eqs. (85) - (88), respectively. These equations give the explicit form of ε µν in terms of the wormhole's redshift and form functions, and of the scalar field, respectively. The tt, tr and rr components of ε µν are given by
Taking the trace of the brane Einstein equation Eq. (71) gives another constraint equation
for the Ricci tensor,
C. The energy conditions
Similarly to the case of the static redshift inflating wormhole with Φ(r, t) = Φ(r), in order for the wormhole to be asymptotically flat the "flaring out condition" must be satisfied. The metric of constant time and θ = π/2 slice in the space defined by Eq. (79) is
With the use of Eq. (93) we can formulate the flaring out condition as [10] b
The energy condition at the throat can be worked out by considering the scalar quantity
is the effective energy momentum tensor on the brane. For a radial outgoing null vector
Therefore the energy conditions also evolve with the cosmological expansion of the Universe.
VI. BRANE EVOLUTION OF THE INFLATING WORMHOLE
The evolution of the scale factor a(t) and of the scalar field φ(t) are governed by the global evolution of the Universe. For an expanding wormhole the asymptotic behaviors of the form function and of the redshift function are given by lim r→∞ b(r)/r = 0 and lim r→∞ Φ(r) = 0, respectively. We also impose the condition lim r→∞ b ′ /r 2 = 0, so that asymptotically the behavior of the metric of the wormhole is the same as the behavior of the metric of the global braneworld model. Taking these limits in the dynamical equations describing the scale factor and the scalar field evolution gives the basic equations describing the inflating wormhole on the brane as
respectively. Since the two variables in these equations a(t) and φ(t) are functions of t only, we expect that these two equations actually hold everywhere in the wormhole.
The dynamics of a scalar field in the brane world cosmology were studied in [18] and [28] , respectively, by assuming that the scalar field is confined in the 4-dimensional world.
As for the potential of the scalar field, several types of potentials were considered. It has been shown that when the energy density square term is the dominating term in the energymomentum tensor, the behavior of the scalar field is very different from the conventional cosmology. In the following we will restrict the discussion of the inflating wormhole to the scalar field potential
which corresponds to the chaotic inflation model on the brane [18, 28] .
A. Time evolution of the redshift function
The dynamic of the redshift function of a braneworld wormhole is given by Eq. (68).
Using the expressions of the metric tensor components on the induced metric we obtaiṅ
For e 2Φ = 1, we can separate the variables of the above equation intȯ
With
and by using V (φ) = m 2 φ 2 /2, we obtain for the redshift function the expression
where Φ(r, t 0 ) is the initial redshift function, which must be finite everywhere. The asymptotic behavior of the redshift function is given by lim r→∞ Φ(r, t) = 1, and this behavior is the same for all times. The time evolution of the redshift function at the throat is described by the equation
where A(r) = 1 − e −2Φ(r,t 0 ) can be obtained from the initial conditions. By taking the limit of small A we obtain
This equation shows that A(r) is actually the Newtonian potential, and therefore we assume that A(r) ≤ 0.
VII. A SIMPLE SOLUTION -THE ZERO REDSHIFT CASE
If the initial condition of the wormhole is so that Φ(r, t 0 ) = 0, Eq. (99) implies that Φ = 0 for all times. Then we also obtain b ′ r 2 a 2 = 0.
Since b(r 0 ) = r 0 , the solution for the form function is b(r) = r 0 . For this case the non -zero components of the Einstein tensor are given by
The energy -momentum tensor of the scalar field on the brane world wormhole is obtained as
Eqs. (89) and Eq. (91) give the exact form of the projected Weyl tensor on the brane as
One can easily verify that g µν ε µν = 0. In the local coordinate system, the projected Weyl tensor can be represented as ε µν = diag (ǫ 0 , ǫ r , ǫ t , ǫ t ), with
We concluded that the Weyl contribution that supporting the wormhole decay as a −2 .
VIII. CHAOTIC INFLATION IN THE BRANEWORLD MODEL
According to [18, 28] , in the case of the chaotic inflation driven by the scalar field potential
, the expressions of a(t) and φ(t) can be approximated by two different sets of expressions, corresponding to the exponential inflationary period, and to the final stages of inflation, respectively.
A. The Universe during exponential inflation
Let t i be the initial time of inflation, and let t f to be the end time of the inflation. During inflation, the potential term dominates the kinetic energy term, so that V (φ) >>φ 2 , and V ′ >>φ, respectively. Then Eqs. (96) and (97) have the solutions
where t 1 and a 1 are arbitrary integration constants, which can be obtained from the initial conditions, and m is the 5D Planck mass, respectively. The end of inflation is determined by the breaking down of the slow roll condition, V (φ) ≈φ 2 , or V ′ ≈φ. These two conditions fix the value of t f , which is given by the expression t f ≈ t 1 − (2m) −1 . By using this expression for t f , we obtain the scale factor after the exponential inflation phase as
Since t i << t f , if we adopt the e-folding number for the exponential inflation phase to be 60, we obtain the following estimate for the ratio of the scale factors at the beginning and end of inflation, respectively,
Therefore mt 1 ≈ √ 180. 25 ≈ 13.43 , and mt f ≈ 12.9.
B. The oscillating scalar field phase
After the end of the exponential inflation phase, the scalar field enters in an oscillating stage, and it keeps oscillating even after the radiation domination era. The oscillating solution is approximated by [18, 28] 
where t 2 and a 2 are arbitrary integration constants. We can choose t 2 to be the time for which the oscillating stage begins, and determine it from the initial conditions. For example, if at the beginning of the oscillating stage the scalar field is one fourth of that at the end of the exponential inflation, then 1 4 4λ 3π
Together with t f ≈ t 1 − (2m) −1 , this equation gives the following algebraic equation for mt 2 ,
By using Newton's method, we find that the zero of this equation next to t f is given by mt 2 ≈ 13.75. We will discuss later that the solution is insensitive to the way we choose to interpret the two stages.
IX. THE EVOLUTION OF THE INFLATING WORMHOLE
In the present Section we consider the evolution of the inflating brane world wormhole during the different phases of inflation
A. Wormhole evolution during the exponential inflation phase
With the use of Eqs. (114) and Eq. (115), the integral in Eq. (103) becomes
Thus, for example, a 60 e-folding exponential inflation gives the following solution, describing the time evolution of the redshift function of the inflating brane world wormhole
The time evolution of the energy condition at the throat during the inflationary phase can then be obtained from Eq. (95) and from the global evolution Eq. (114) as (mt−mt 1 ) 2 , for mt ≤ 12.9.
In this phase, we see that the among of exotic matter is diluting as an exponential function of the time. Furthermore, there is a range of wormhole initial conditions such that the wormhole could survive the exponential inflationary phase, that is, the energy condition on the effective matter remain after the exponential inflation. At the end of inflation, the energy condition is obtained by substituting mt = 12.9 into Eq. (124),
where we have also used the value of mt 1 obtained earlier. For example, wormholes with shaping function constrained by the following equation could survive the exponential inflation,
B. Dynamical evolution of the wormhole in the oscillating scalar field phase
To obtain the evolution of the wormhole near the end of the exponentially inflation phase, corresponding to t > t 2 , we substitute Eq. (118) at the throat of the wormhole, and it can be interpreted as a conversion of wormhole into a black hole [22] . Once the wormhole is converted into a black hole, the metric Eq. (79) 
X. DISCUSSIONS AND FINAL REMARKS
In the present paper we have considered the evolution of inflating wormholes in the braneworld model. As a first step in our study we have considered the conditions under which a braneworld wormhole can be embedded into a five dimensional bulk. We have found that such an embedding is, at least in principle, always possible. As a general result, we have found that braneworld wormholes created in the early Universe would experience a transition to a black hole. If there is a large number of braneworld wormholes created in the early Universe, that would lead to the creation of a large number of black holes, and this would have significant astrophysical implications for the global evolution of the Universe, including the large scale structure formation period.
Soon after the big bang, due to the symmetry breaking, the Universe underwent a phase transition after which it was filled up with a highly homogenous scalar field. However, space-time inhomogeneities can still be generated in such a homogenous background. For example, the perturbations of the scalar field could generate the initial inhomogeneities that eventually would be responsible for structure formation. Another possibility for generating some very early space-time inhomogeneities during inflation would be the presence of braneworld wormholes in the early Universe. The braneworld wormholes are solutions of the Einstein equations on the brane. In the braneworld scenario, the existence of these wormholes does not necessarily leads to the violation of the weak energy conditions. Braneworld wormholes would evolve, and increase in size as the Universe expands. With the exception of the particular case in which the wormholes have exactly zero redshift everywhere, when the Universe switches from the exponential inflation to the oscillating stage, a very small initial value A (r 0 ) of the redshift function would make the wormhole to collapse into a black hole. The transition wormhole -black hole is realized through the sudden appearance of an event horizon. Since these black holes formed at a very early stage in the evolution of the Universe, and since there are no lower limits on their size, the black holes created from a wormhole should be considered as primordial. Once a wormhole becomes a black hole, it will soon lose its co-expansion with the Universe, and it can gain mass through relatively slow accretion during the radiation dominated era of the Universe [35, 36] .
Suppose that the Universe was filled with wormholes that are separated by a distance r e .
We would like to estimate the throat radius, so that these wormholes do not significantly change the energy content of the universe. In order for this condition to be satisfied, we compare the total energy of a wormhole with the energy of the cosmological background.
From Eq. (80) we know that if we consider the average over whole space, the effect of creating a wormhole is similar to adding a extra energy term to the Universe that decays as 1/a 2 r 2 .
If we impose the condition that this extra energy, necessary to create the wormhole, is larger than the energy corresponding to a wormhole filled with the cosmological background energy, we obtain the condition 
Since 0 < γ < 1, in this order of magnitude estimation we take γ ≈ 1. If we adopt a reheating temperature of T RH = 10 9 GeV 4 [33, 34] , we obtain for the density of the cosmological background the approximate value ρ ≈ 0.6 × 10 72 eV 4 . By choosing the end of inflation at a value of the scale factor of the order of a ≈ 10 −20 [19] , we can obtain an estimate of r 0 as r 0 < 3 ρπa 2 ≈ 10 7 cm.
The mass limit corresponding to a Schwarzschild's black hole would be M 0 < 10 2 km 3 km M ⊙ ≈ 6.6 × 10 34 g,
corresponding to around 30 solar masses.
In the present paper we have also explored some specific physical properties and characteristics of the inflating wormhole geometries, and we have found the expressions describing the properties of the wormholes during the different phases of the inflation. In a future work we will consider in more details the possible astrophysical implications of our results.
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